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1, INTRODUCTION 
Since the emergence of group theory as a separate subdiscipline of algebra 
there has been considerable interest in maximal subgroups of the known 
simple groups. For example, Galois’ assertion that the minimal degree for 
realizing P%,(p), p a prime, as a permutation group is p + 1 if and only if 
p > 11 ([8], pp. 411-412) is a statement about “the” maximal subgroups of 
P&L,(p) when the subgroups are ordered by their cardinality. This result 
was extended to PSL,(q), q a prime power, by Burnside [2], Wiman [20] 
and Moore ] 161, and these are achieved by the enumeration of subgroups. 
There has been a considerable body of work on the maximal subgroups of 
classical groups of low (Weyl) rank in this century. In Section 7 there is a 
table indicating existing results. -This paper is a contribution tothis problem: 
we determine all the maximal subgroups of the Chevalley groups G,(2”). Of 
course the maximal subgroups of G,(2) = Aut(U,(3)) are known. Butler has 
determined the maxima1 subgroups of G,(4) in connection with his work on 
the maximal subgroups of Suzuki’s sporadic group [3]. These results are 
reproduced here. 
The paper is arranged as follows: In Section 2 we introduce some notation 
for G = G,(2”) and state our results. In Section 3 we determine those 
subgroups of G which contain central involutions (i.e., long root elements) 
using Kantor [ 1 I]. In Section 4 we find the maximal local subgroups of G. In 
Section 5 we consider subgroups reducible on the “standard” symplectic 
module of dimension 6 for G. In Section 6 we prove our main result and in 
Section 7 provide a list of the present results on maximal subgroups of 
families of groups of Lie type. 
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2, NOTATION,~TATEMENT OF MAIN THEOREM 
Let q = 2” and G be the Chevalley group of type Gz over F,. Let Z be the 
associated root system with fundamental base {a, b} with a short and b long, 
and denote by C’ the set of positive roots with respect o {a, b}: Z+ = 
{a, a + b, 2a + b, 3a + 6, 3a + 2b). There are subgroups X, = {x,(t): t E [F4} 
for each r E Z, called root subgroups with (Xr, X-,) = SL,(q). Also, U= 
(Xr : r E Z’) is a two-Sylow of G. From [4] we can deduce that the 
commutator relations inU are 
Lw)~&(U)I = x,+,(~)X*,+,(~2U)X3a+b(~3U); 
K&)~ Xo+b @>I =x,,+,(t’u)x,,+*,(tu’); 
Lw>~ X2,+&)1 = X*a+&>; 
ix&), x30+2b(“)~ =X3a+2b(fU); 
[Xa+,(t)~X2,+b(U)1 =X3,+2b(fUh 
WrU), X&>l = 1, 
(2.1) 
for all other pairs r, s E C+. It follows from (2.1) that 
Z=X3a+2b(f) is a central involution of G. (2.2) 
This is a root element. 
Let r = rG. For X < G, let T(X) = r f7 X. We say X is a r-subgroup of G 
if X = (T(X)). Also set R = X$ + *,, . This is the set of long root subgroups of 
G. IfX<G,R(X)={REQ:R<X} andx=(RER:RnX#l). 
We will denote by A: ‘(4) the group SL,(q) and by A; ‘(9) the group 
Let L = (X3a+26, X3a+b) and set P, = NG(X3a +26), P, = N,(L). P,, P, are 
representatives of the two classes of maximal parabolic subgroups of G. This 
can be deduced from Section 3 of [5] or Chapter 8 of [4]. 
G has a six-dimensional module over IF, which we denote by I/. Thisis a 
symplectic module for G. This follows from the fact that G < O,(q) (for 
example, see [ 1 ] or [ 5]), and in characteristic wo ‘(a,(q) s Sp,(q). 
Let E be fl so that q E E (mod 3). We can now state our results. 
(2.3) THEOREM. Let G = G,(q), q = 2” with n > 2. The maximal 
subgroups of G with representative M are as follows. 
(i) Three classes of M local: 
(a) M=P,, 
(b) M=P,, 
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(c) M z A;(q)\Z,, the normalizer of a subgroup of order 3 which is 
central in a three-Sylow. 
(ii) One class of M non-local and reducible on I/: 
kf z G(q) x SL,(q), 
(iii) M non-local and irreducible on V: 
(a> MrA;‘(q)\Z,, 
(b) A42 G,(2”‘), n/m p rime (this is a centralizer of a field 
automorphism of prime order). 
2.4. THEOREM (Butler [3]). Let G = G,(4). Then G has eight classes of 
maximal subgroups with representatives M as follows. 
(i) Three classes of M local: 
(a> M=P,, 
(b) M=P,, 
(c) MZ SL,\Z,, normalizer of a cyclic group of order 3, central in 
a three-Sylow. 
(ii) M non-local and reducible on V, ME SL,(4) x SL,(4). 
(iii) Four classes of M non-local and irreducible on V: 
(a> Mz Su,(4)\-&, 
(b) MZ HJ, 
(c) MZ L,(13), 
(d) M E G,(2) (centralizer of a field automorphism). 
2.5. THEOREM. G = G,(2) has ftve classes of maximal subgroups with 
representative M as follows: 
(i) Three classes of M local: 
(a> M=P,, 
(b) M=P,, 
Cc> M = Su,P>\& 3 normalizer of a cyclic group oforder 3, central 
in a three-Sylow. 
(ii) Two classes of M non-local and irreducible on V: 
(a) M = G’ E U,(3), 
(b) MZ PTL,(2) E’ SL,(2)\Z,. 
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3. SUBGROUPS OF G GENERATED BY LONG ROOT ELEMENTS 
3.1. LEMMA. Let L be a I-subgroup of G. Then we have 
(i) O,(L) # 1; or 
(ii) O,(L) = 1; and we have one of the following: 
(a) z z SL,(q), L is dihedral, L E DzS, s 1 q f 1; 
(b) l% SL,(q), L s SL2(2m), m 1 n; 
(c) Z Z 0*,(.-a), L g SL2(27, m 1 n; 
(d) z r SL,(q), L s SL3(27, m 1 n; 
(e) z z SL,(q), L z S17,(2~)‘, 2(n/m) is odd; 
(f) z E SL,(q), L E 3\P,(and 2 1 n); 
(g) z~~L,(q),L~z,xz,\c,,s~q-l; 
(h) E 2 SU,(q)‘, L g SU,(2”7’, n/m odd; 
(i) ErSU,(q)l,L~-Z,xZ,\~,,s(q+l; 
(j) z = G’, L g G2(2”7’, m 1 n; 
(k) z = G, L E HJ (2 1 n). 
In each case there is a unique class for L. 
Proof This follows from Kantor [ 111. 
Now suppose M is a subgroup of G with T(M) non-empty. Then L = 
(T(M)) is normal in M and a r-subgroup of G. We can now deduce. 
3.2. THEOREM. Assume M is maximal in G and assume I(M) # 0. Then 
we have one of the following: 
(i) M is conjugate to P,, 
(ii) M is conjugate to Pb, 
(iii) {T(M)) = (Q(M)) z SL,(q), ME SL,(q) X SL,(q), 
(iv> (WW) = W(W) g G(q), M = SL,(q)\z,, 
(VI mw) = GYW) g SU,(q)9 M g ~U,(4)\~2~ 
(vi) (I’(M)) s G2(2”7’, M z G,(2”), n/m prime, 
(vii) q = 4, M = (I(M)) z HJ, 
(viii) q = 2, M = (a) = G,(2)‘. 
Proof: This is immediate from (3.1). 
3.3. Remarks. If p is a prime, p ] q F E, then ] G] = IA;(q)1 and so G has 
a proper r&)-subgroup which contains a p-Sylow of G. 
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Let L, L, be a r-subgroup of G isomorphic to SL,(q), AZ(q), (a = *l), 
respectively, and set K = N,(L), K, = N,(L,). 
4. LOCAL SUBGROUPS 
In this section we determine the maximal local subgroups of G. We will 
show that every local subgroup has a conjugate in P,, P,, K or K, for 
u = f 1. Thus assume M is a maximal p-local of G. 
4.1. LEMMA. If O,(M) # 1, then A4 is conjugate to P, or P,. 
Proof: This is immediate from the theorem of Bore1 and Tits [ 11. 
Henceforth we may assume O,(M) = 1. Let E be a non-trivial normal p- 
subgroup of M. 
4.2. LEMMA. E is cyclic. 
Proof: If E is non-cyclic, then p ) q - 6, where 6 = f 1. Supppose p > 3. 
Then C,(E) E Z,-, x Z,-, by [6], and N(E)/C(E) = WE W(G) g 
Z, X C, 2 D,, (here W(G) is the Weyl group of G). However, in this case 
T(N(E)) # 0 and N(E) < N((I’(N(E)) g A;(q)\Z *. Thus assume p = 3. Now 
L, contains a three-Sylow subgroup T of G and by simple linear algebra we 
see that L, contains a single class of non-cyclic elementary Abelian three 
subgroups. For E a representative (in L,) we can deduce from [6] that 
C,(E) = CLe(E)Z,-, x Zq--E, N,(E) = N,JE) and N(E)/C(E) = D,,. 
Also L, = (T(N(E))) and the lemma is proved. 
4.3. LEMMA. VPf)) = W(M)) = ~%7)~ M = M?)\&. 
ProoJ: By (4.2) if E is an nontrivial elementary Abelian normal p- 
subgroup of M, then E is cyclic. If p = 3, from [6] we see there are two 
possibilities forE. C(E) = (T(C(E)) g A;(q), N(E) r A ;(q)\Z 2 ; or C(E) ? 
z q--r x SL,(q), N(E) z D2(q--r) x SL,(q). In the latter case N(E) has a 
conjugate in K. Suppose p > 3. If p ] q - u, c = f 1, then from [ 61 and the 
fact that E is cyclic, we see the only possibility isC(E) z Z,-, x &C,(q), 
N(E) Z D2f9-U) X SL,(q) and again N(E) is conjugate to a subgroup of K. 
Finally there is the case p > 3 and p ) q* + oq + 1 with o = f 1. Then from 
[61, C(E) z Cp+op+I, N(E)/C(E) E Z, and N(E) has a conjugate in A;(q). 
4.4. COROLLARY. Every local subgroup has a conjugate in at least one 
of P,, P,, K, K,, (T = fl. 
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5. SUBGROUPS REDUCIBLE ON V 
Recall V is the six-dimensional symplectic module for G. In this section 
we determine the orbits of G on the subspaces of I’, and the subgroups of G 
which fix a representative of each of these orbits and thereby determine the 
reducible subgroups which are maximal. 
Recall also that G acts on a generalized hexagon with parameters (q, q) 
(see [5]). Let 9 denote the set of points and 9 the lines. The 
(q6 - l)/(q - 1) points of this hexagon may be identified with the one spaces 
of V. The (q6 - l)/(q - 1) lines in 4p may be identified with a subset of 
[(q6 - l)/(q - l)](q’ + 1) totally isotropic two-spaces of V. For a one-space 
U of I’, let d(U) be the one-spaces of V which are collinear with U in the 
hexagon, so (9, d) in the point-graph of (9,Y’). Let d,(U) be the points at 
distance ifrom U under the metric defined by A, with i = 2,3. 
5.1. LEMMA. G is transitive on one-subspaces of V and the stabilizer of a 
one-subspace is a conjugate of P,. 
proof. [ v~ (x3, + b 3 x3, + 26 >] = UEQ. Thus Pb=N((X3a+b,X3a+2b))~ 
No(U). As P, is maximal, Pb = No(U). Since 1 G : P,I = 191 the result 
follows. 
5.2. LEMMA. G has two orbits of lengths (q6 - l)/(q - 1) and 
42K46 - lMc7 - 111 on totally isotropic two-subspaces of V, namely, g and 
the remaining totally isotropic two-subspaces. If U,, U, are representatives, 
then Na(U,) is conjugate to P,, No(Uz)z Fi\GL,(q) and No(U,) is 
conjugate to a subgroup of P,. 
proof: If [VyX3a+2b ] = U,, then U, E 9. Then P, = N(X3a+2b) < 
N,(U,), as P, is maximal in G, P, = N,(U,) and the first part holds. Now 
IA(U) = q(q + l), IA,(U)1 = q3(q + l), IAj(U)l = q5 for UE 9. Let a(U) be 
the points orthogonal to U in V (as symplectic space) and /3(U) = 
9 - {U} -A(U). Then l4u>l= qk4 - 1)/G? - 1)1= IAWl + IA2Wl9 
Ip(v)I = lA,(U)I. By (5.1) we may assume P, = No(U). By order 
considerations, A3(U)n/?(U) # 0. But O,(P,) acts regularly on A3(U) and 
so AS(U) = p(v), a(U) = A(U) n A,(U). This implies that the subspace of V 
generated by A(U) is a maximal totally isotropic subspace fixed by Na(U). 
Now suppose U = (A, B) is a totally isotropic two-subspace of V with A, B 
not on a line of the hexagon. Then (A, B’) E A,. Without loss we may assume 
A(A) n A(B) = {U}. Now NG(W’) = N < No(U) = P,. Since G is transitive 
on points and N,(A) is transitive on A,(A), it follows tha NG(U) is transitive 
on the q2 two-spaces of (A(U)) not containing U and the rest of our 
assertions follow from this and simple counting. 
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5.3. LEMMA. There are two orbits of G on maximal isotropic subspaces 
with lengths (q6 - l)/(q - 1) and q3(q3 + l), say, with representatives W, 
and W, such that Na(W,) is conjugate to P, and NJW,) is conjugate to a 
P-subgroup of G isomorphic to SL,(q). 
Proof Suppose W, is an isotropic three-subspace of V and W, contains 
points A, B with (A, B) E A. Let C be a point of W,, C & (A, B). The points 
of (A, B) are contained in A(C) U AZ(C) by the proof of (5.2). By the 
axioms of a hexagon, there is a unique point U in (A, B) with U E A(C). 
Then W, = (A, B, C) = (A(U)) and so the first assertion holds with W,. 
Now let W, be an isotropic three-subspace of V such that for A, B points of 
W,, (A, B) 6 A. Then (A, B) E A,. Now choose A,, A,, A, points in W, so 
W,=(A,,A,,A,). Let {Bk}=A(Ai)nA(Aj), where {i,j,k}={l,2,3}. 
Further, set Q, = (O,(N,(@2,Bd))), Q2 = (O,(NcA(~,~BJ)))~ Q3 = 
Z(O,(N,((A , , B,)))). Then from Section 3 of [5] we easily see that Qj E 0, 
<Qi, Qj) E f3 and ~4 = (Q, , Q2, Q3> = X,(q). Moreover, Q, , Q2, Q3 induce 
transvections on W, with center-axis pairs (A *, (A,, A,)), (A 3, (A *, A 3)), 
(A I, (A r, A3)), respectively. Note also M normalizes (B, , B,, B3) and these 
two-spaces are interchanged in NG(M). Thus NG(W’) = M by (3.2). The rest 
follows by simple counting. 
5.4. LEMMA. G has one orbit on non-degenerate subspaces of 
dimension 2 (and hence on non-degenerate subspaces of dimension 4) with 
length q4[(q6 - 1)/b - 111. 
Proof The parenthetical remark follows from the fact that if (k, 1) = 
{2,4} and W is a non-degenerate subspace of dimension k, then WL = 
<~U,.?fW a(U)) has dimension 1 and NJW’,) = NG( W’). W= C,(L) is a 
non-degenerate two-subspace and [V, L] = W, is the orthogonal 
complement. Clearly K = Na(L) normalizes W and W,. Since K is maximal 
inG, K=N,(W,). As ]G:K]=q4[(q6-l)/(q2-l)], ]w”]=]fl]= 
q4[(q6 - l)/(q’- l)]. But this is the number of non-degenerate two- 
subspaces of V. 
5.5. THEOREM. If Y < G and Y acts reducibly on V, then Y is conjugate 
to a subgroup of one of the following: 
6) L 
(ii> P,, 
(iii) K, 
(iv) L,. 
Proof: Let W have minimal dimension among all non-trivial subspaces 
fixed by Y. Let R = Rad(W). Then either R = 0 or R = W, and so W is 
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either non-degenerate or totally isotropic. The result now follows from 
(5.1)-(5.4). 
6. PROOF OF THE MAIN THEOREMS 
We will now complete the proof of our main theorems, (2.3~(2.5). Thus 
let M be a maximal subgroup of G. By (3.2), (4.4) and (5.5) we may assume 
M acts irreducibly on V, F(M) = 1 (F(M) is the Fitting subgroup of IV, thus 
M is not local), and r(M) = 0. 
6.1. LEMMA. A two-Sylow subgroup T of M is Abelian. 
ProoJ: Let t E ~2 i (Z(T)). As T(T) = 0, t is conjugate in G to X,, +J 1 ), 
so without loss we may assume t = XZa+Jl). C,(t) = QX, where Q = 
(X3a+2b7 X30+by X2n+b)3 X= @by X-,>. Since S= (X3a+2bp X30+by 
X 2a+b, X,) is a two-Sylow of C,(t), we may assume T< S. Now S’ = 
X 3a+26 E 0 by the commutation relations (2.1). (T n ,S’)# E T(T) = 0, thus 
T’ < Tn S’ = 1 and T is Abelian. 
6.2. LEMMA. Every minimal subnormal subgroup of M is isomorphic to 
one of the following: 
(i) S&(27, m > 2; 
(ii) L,(q), q- k3 (mod 8), q > 3; 
(iii) J, ; 
(iv) a group of Ree-type Re(32m+‘), m > 1. 
Proof. Since F(M) = 1, every minimal subnormal subgroup of M is 
simple. If X is a minimal subnormal subgroup of M, then by (6.1) a two- 
Sylow of X is Abelian. Now the result is immediate by Walter’s 
classification f simple groups with an Abelian two-Sylow [ 191. 
6.3. Remark. By a recent result of Bombieri, Re(32”t’) g 2G2(32m+1). 
However, we do not need this result here. 
6.4. LEMMA. Zf XAA M, X EL,(~), q = k3 (mod 8), then q = 13. 
ProoJ By Landuzuri-Seitz [ 131, if q is odd and q > 13 then L,(q) does 
not have a projective representation of degree less than or equal to 6 in 
characteristic 2. Thus q = 5, 11 or 13. However, there is a Frobenius group 
of order 55 in L,(l l), but no such subgroup exists in G by the results of 
Section 4. Suppose q = 5. L,(5) E L,(4). Neither L,(4) nor Aut(L,(S)) z Es 
has an irreducible module of degree 6. Thus if X M M, X g L2(5), then 
C,(X) # 1. Now if X, M C,(X), then by (6.2), L, contains a subgroup 
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isomorphic to Z,. Therefore M contains a subgroup Y z Z3 X Z,. However, 
from Section 4 it follows that r(Y) # 0, contradicting our assumption that 
T(M) = 0. 
6.5. Remark. Young [21] using generators and relations established the 
inclusion L,( 13) < G,(4). At the end of this section we show there is a 
unique class of subgroups of G = G,(4”) isomorphic to L,(13). 
6.6. COROLLARY. IfXAAM, then X&J,. 
Proof: J, contains a Frobenius group of order 55 [lo] which was ruled 
out in (6.4). Alternatively, if E g Z:, in J,, then NJI(E) = EX, where X is 
Frobenius of order 21 [lo]. However, all subgroups of odd order in P,, P, 
are Abelian. Thus N,,(E) is not a subgroup of G. 
6.1. LEMMA. If X AA M, then X is not a simple group of Ree type. 
Proof: Suppose X AA M is simple of Ree type (so not ‘G,(2)), and t an 
involution in X. Then Cx(t) = (t) x Y, YZ L,(3*“+‘), m > 1. This 
contradicts the structure of C,(X,, +*( 1)) = C: Om(C/O,(C)) E SL,(q) 
which has no subgroup isomorphic to L,(32m+1), m > 1. 
6.8. LEMMA. If XM M, then XZ& SL2(2m), for any m > 2. 
Proof: Suppose X? SL2(2m). We have already treated the case SL,(4) 
in (6.4). As in the proof of (6.4) we may assume C,(X) = 1. As M acts 
irreducibly on V it is easy to deduce that 3 divides m and there are precisely 
two possibilities for the decomposition of V with respect to X: 
(1) I’= V, @ I’, @ I’, as module for X, M-X contains a three- 
element which induces feld automorphism on X, permutes V,, Vz, V,, 
cyclicly and Vi r Wi aiF],,, F,, where Wi are three-distinct Galois conjugates 
of the standard module for X over F,,. 
(2) V = W @IFzmO F,, where 3m, = m, W is the standard two- 
dimensional module for X over IF,, considered as a six-dimensional module 
over IFZmO. 
Possibility (1) cannot occur, for if T E Syl,(X), then N,(T) contains an 
extension of F$ by the Galois group of F,, over IF*+, 3m, = m. This is a 
non-Abelian group of odd order normalizing a two-group. But we noted 
before all subgroups of odd order in P,, P, are Abelian. 
Therefore (2) must hold. Now since m = 3m,, 7 1 IN(T)/, TE Syl,(X). 
Thus 711PGI=IPbl. Thus 7]q2-1 and we must have 7]q-1. It follows 
that 3 ] n. Now let X, <X, X, E SL,(8). X, acts irreducibly on V and as a 
module ,for X, , V = W, &, F,, where W, is the standard two-dimensional 
481/70/l 3 
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module for X, over ff ,, considered as a six-dimensional module over F,. As 
X, < G, X, fixes a trilinear form on V, that is centralizes an element of 
/i”(V). In order to get a contradiction itsuffices toshow C,,&X,) = 0. Set 
V3 =/i 3(V) and rj = V, @ F,, where F, is an algebraic losure of ff,. It 
suffices to show C,(X,) = 0. But C,(X,) = C,,,,,~~,(X,). But as a module 
for Xi, V@iF,Z W,@&. Setting w, = W, OIFz F, we need show 
C,,c~,,(X,) = 0. Let w,, w2 be an F, base for W, and let (A) = Ff with 
A3 + A2 + 1 = 0. With respect o the base w,, w2, X, is generated by transfor- 
mations u, t with matrices (i 1/on) and (y i). Now an IF, base for W, is w,, 
,lw,, A2w,, w2, Izw2, A’w,. With respect o these F,-bases for W, with the 
matrices of (T and t become 
100 0 
and 
where Z is the 3 x 3 identity matrix. We show that dtm C,,,(w,j(u) = 
dim C A3,WIj(t) = 2. u is diagonal on m, with eigenvalues A’, 1 < i < 6, and t 
is diagonal with three eigenvalues w and three eigenvalues w2, where w E F,, 
w3 = 1. Consequently u, t act diagonally on /i3(w,). The eigenvectors for u, 
t in /i3( w,) can be taken to be wedge products of their eigenvectors in @, 
and from this it follows easily that dim C,l,F,,(u) = C,,,p,,(t) = 2. But 
Wi A Awi A A2wi = ui are in C,,.,(s~,)(u) and so C,,,,(w,)(u) = (u,, uz). However, 
C cU,,U9(t) clearly is 0 and the lemma is proved. 
6.9. LEMMA. Zf L,(13) z X < G = G,(2”) then 2 1 n and there is at most 
one class. 
ProoJ As 13 divides /GI we must have 2 1 n. Let t E inv(X). Then t @ Z, 
so without loss we may assume t =X,+,(l), NOW C,(t) g D,, z Z, X z,. If 
E is a two-Sylow of C,(t), then N,(E) g A, and X = (C,(t), N,(E)). Now 
c,(t) = QK where Q = (Xa+bVXbTX3a+2b) = o,(c,(t)) and y= 
(X30+br X_o,+bj). Thus if u E O,(C,(t))” we may assume u = 
X3,+b(l)X-,,,+b,(l). Now the two-Sylow of C,(t)nNN,((u)) is 
3a+b(l)) be assumed to be one of 
~:~i;r,x,,+,(~~~~~~~~~~~~,x~~s~x 30+b( 1)). However, in the former 
caSe X30+b (l)ET(E). Thus E=(X,+,(1),X,+,(s)X,,+,(1)) for some 
s E F,#. Now the normalizer of CJt) is X,,, . Cx(t). Since N,(E) = A,, E 
must admit an element of order 3 in G transitively permuting its involutions. 
Let N= N(E), C = C(E). Of course N< N(C). However, C = 
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Kl+b9X3a+tl9X3a+** >- D= F(C))= (X3a+bvX3n+d and DAN(C). 
Therefore N(E) < N(D) = P,. However, N(C) n P, = P, n P, = B, the Bore1 
subgroup in P, and P,. B = UH, where H = (h,, hxo+& is Abelian. Taking 
T= (h,(w), &s(w)), h w ere w E lF, is a primitive cube root of 3, then every 
three-element inB is in UT. Now U/C is isomorphic to a p-Sylow of &5,(q) 
and the flag in C for U/C is X,, + Zb 2 (X,,, 2b, Xjo+*) 2 C (that is if we 
identify C with a 3-space over ff, by X3a+26(1)~u,, X,,+b(l)++v2, 
X,+*(l) - U3? then U/C corresponds to the upper-triangular matrices). T 
acts diagonally on C: 
h,(w) x3, + 2b (U> h,(w) - ’ = x3a + Zb@>, 
h,@“)~3,+&)&&‘-’ =X3a+b(U), 
ha(w)Xo+b(u) h&-’ =Xo+b(W2U), 
h 3a+2b(W)X3a+2b@)h3a+2b(W)-‘=X30+2b(W2U) 
h 3a+2b(W)X3a+b(U)h3a+2b(W)~‘=X3a+b(WU)~ 
h 3n+2b(W)Xa+b@)h 3a+2b@-’ =xa+b(wu)* 
Using the identification given parenthetically above h,(w), h,,+,,(w) 
correspond to matrices 
i’ l w2) and i”’ w .)* 
Using elementary linear algebra we easily see the only possibility isthat 
E = (x,+b(1)~x,+b(w)x3,+b(1)). M oreover, modulo C, there is a unique 
cyclic group of order 3 permuting the involutions of E”, namely, the one 
whose generator corresponds to the matrix 
W 
i i 
w2 . 
W 
One such element is y = h,(w) h3,+2b(w2) X,(w’) X2,+b(w2). Of course for 
any 6 E C also 6~6 is such a three-element. Now if X = (u, 6yS) g L,( 13), 
then Iu6ySl= 7 or 6 and if la&~81 = 6, then la(6y6)) ’I= 7 and, conversely. It
therefore suffices to prove that there is a unique representative 6 in C 
modulo F such that (a, 6~6) &z L,( 13) and to this end it suffices toshow that 
there is a unique pair (s, t) E IF, x F, so that 106y61 = 6, where 6 = 
X3a+b(S) X3a+2b(f). 
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Now set g = ~@a = ~~+~(l) h30+2b(~Z) h,(w) &+2bW) X3a+b(~2W 
Xza+*(w2). Set u = w’s, v = wt, then g has the form wja+Jl) h3a+2b(~2) 
X 3a+2b(V) X3a+b(U) X2a+b(~‘M&‘). w e will get conditions on u and v as 
follows: we find the matrix representation for the X,(t) and h,(t) on V. This 
will allow us to determine the matrix for g. If 1 g( = 6, then g must be 
conjugate to ut. From our matrix representation itwill be clear that the 
characteristic polynomial for the matrix of g must be x6 + 1 = (X3 + 1)2. 
This will allow us to compute u and v. 
V is the module for G with high weight 2a + b. A base for V consists of 
weight vectors v, : a E Z, 01 short. Below are matrices for X0(t), p E Zt and 
h&)y h3a+ 26(l) with respect to the base v&,+b, v,+b, v,, v-,, v~(,+b), 
v-(~~+~). The matrix for X-,(t), /I E Z+ is the transpose of the matrix for 
X0(‘). , 
X,(f) =
x, + b@) = 
1 1 
1 
1 
1 
1 
1 
X3a+b(f) = 
k,(t) = 
1 t 
1 
1 t 
1 
t 
t 
1 
1 t 
1 
1 
t 
1 t 
1 
1 
1 
‘t 
t-2 
t2 
t-2 
t 
t-: 
> xb(f) = 
3 X2a+b(t) = 
1 
1 
1 
1 
2 X3a+2btt) = 
I , h 3a+Zb@) = 
1 t 
1 
t 
1 t 
1 
1 
1 
1 
t 
t 
1 
1 
t 
t 
t-’ 
tr’ I- 
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The matrix of g is then 
-00000 0 
OWOlO WV 
0 0 0 0 0 1 
1 w* 0 u u w*v+w 
oooow2 w 
-0 0 w* 1 w w*u + 1 
The characteristic polynomial of this matrix is x6 + (wu)X5 + (w’u’ + 
w*u + w*u + w2)X4 + (w2u2)X3 + (w’u’ + w*u + w*u + w2)X2 + 
(wu)X + 1. There is only one solution for (u, v) for this to be x6 + 1, 
namely, (u, v) = (0, 1). Our assertion that there is at most one class of 
subgroups isomorphic to L2( 13) in G now follows and the lemma is com- 
pleted. 
Now Lemma (6.9) together with Remark (6.5) yields: 
6.10. PROPOSITION. G,(4”) contains a unique class of subgroups 
isomorphic to L,( 13). 
Now by the results of Sections 3-6 the possibilities for maximal subgroups 
in G are as follows: 
(1) Local: P,, P,, N(L,). 
(2) Reducible on V: Normalizer of Y = (Q(Y)) = X,(q) in G. 
(3) Irreducible on V: IV&,), HJ, L,(13), G,(2”). 
Now HJ, L,(13) are maximal in G if and only if G z G,(4). G,(2”) is 
maximal if and only if n/m is prime. Our theorem is now proved. 
7. MAXIMAL SUBGROUPS OF CHEVALLEY GROUPS OF Low RANK 
For most of the rank one and rank two families of groups of Lie type the 
conjugacy classes of maximal subgroups have been determined. Below is a 
list of Lie families for which the problem of maximal subgroups has been 
settled. 
Rank One. (1) P&C,(q), q a prime power [2], [16] and [20]. 
(2) W) [181. 
(3) U,(s), q odd [141, q even [91. 
Rank Two. (1) L,(q), q odd [141, q even [9l. 
(2) PSP,(q), q odd [ 151, q even [12] also see [7] and [17]. 
(3) u4k), 9 even [121. 
Rank Three. L,(q), 4 even [171. 
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I. 1. Remark. Two students at Santa Cruz are presently at work on rank 
two Lie families: Ed Miglione has nearly completed the enumeration of the 
maximal subgroups of G*(q), and John Sarli s considering this problem for 
the groups of type 2F.,(22m+1). 
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